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Abstract—Frequency-angular distributions of signal wave intensity are calculated for spontaneous parametric
down-conversion and parametric frequency conversion in spatially nonuniform nonlinear media. Wave reflec-
tion from interfaces is taken into account, and both regular and irregular nonuniform distributions of second-
order nonlinear susceptibility are considered. A unified approach using a scattering matrix and a generalized
Kirchhoff law isapplied in cal cul ations of spontaneous and stimulated processesin dissipative nonlinear media
Interference of electromagnetic zero-point fluctuations of the vacuum, nonlinear interference and nonlinear dif-
fraction are examined for media with various absorptive properties. Theoretical foundations are devel oped for
diagnostics of nonuniform distributions of the second-order susceptibility, based on measurement of the line
profiles of nonlinear signals. © 2004 MAIK “ Nauka/lInterperiodica” .

1. INTRODUCTION

Media with spatialy varying linear and nonlinear
optical properties are currently attracting great atten-
tion[1, 2]. They arewidely used in nonlinear opticsand
laser physics [3-9]. Characteristics of parametric pro-
cesses in crystals with deep modulation of the second-
order nonlinear susceptibility are the subject of ongo-
ing research [3, 4, 6-8]. In our view, progress in this
area is important for laser spectroscopy of solids and
polymers, because parametric processes offer novel
opportunities for analyzing the structure of inhomoge-
neous multidomain crystals and polymer materials and
their transformations [9].

Spatial nonuniformity (periodic or random, depend-
ing on a particular specimen) strongly affects the non-
linear optical processes in which phase matching is a
necessary condition. Energy conservation is a strict
requirement. Under steady-state conditions, it reduces
to zero sum of the frequencies of the interacting waves.
By contrast, momentum conservation may hold up to a
certain mismatch when part of the momentum carried
by light wavesistransferred to the medium. In the gen-
eral case, parametric processes in inhomogeneous
media depend on changes in linear and nonlinear opti-
cal parameters across interfaces, geometry of individ-
ua regions, characteristics of boundaries, scattering
and absorption coefficients, the coefficients character-
izing nonlinear optical conversion, etc. Analysis of the
integral effect of the combination of al factors on two-
or three-dimensional scattering spectrum is a difficult
task. The problemis substantially ssmplified by invoking
the generalized Kirchhoff law (a nonlinear anaogue of
the Kirchhoff law) formulated by Klyshko[10, 11] inthe
framework of a unified phenomenological approach to

spontaneous and stimulated parametric interactions in
weakly nonlinear dissipative media. The generalized
Kirchhoff law can be used to determine second-order
correlation functions for the output field by using the
corresponding functions prescribed at the input end and
to calculate both frequency-angular distribution of the
output radiation intensity and its statistical characteris-
tics. In calculations of this kind, a linear relationship
between the Heisenberg operators of the input and out-
put fieldsis postulated. (The only exceptionisthe pump
field, which is treated as a classical wave of prescribed
intensity.) This relationship is formulated in terms of a
scattering matrix. The matrix can be calculated within
the framework of classical nonlinear optics, and itsele-
ments determine the relations between the classica
field strengths for all input and output modes.

In this paper, we present the results obtained by
applying the generalized Kirchhoff law to parametric
processes in media with nonuniform distributions of
optical parameters. We consider spontaneous paramet-
ric down-conversion (SPDC) and parametric frequency
conversion (PC) in mediawithout inversion center [10].
SPDC isthe scattering or decay of pump photons of fre-
guency wy, caused by quantum field fluctuations in a
medium with nonzero second-order nonlinear suscepti-
bility x@.1 As a result, photon pairs correlated with
respect to the time and location of their origin are cre-
ated in the medium. The frequencies of these photons,
w, and w,, are related asfollows:

hwy, = W, + AW,. D

1 SPDC was predicted by Klyshko in a paper presented in 1966 at
the All-Union Conference on Nonlinear Media in Cher-
nogol ovka.

1063-7761/04/9802-0272$26.00 © 2004 MAIK “Nauka/Interperiodica’



PARAMETRIC FREQUENCY CONVERSION IN LAYERED NONLINEAR MEDIA

Their propagation directions are determined by the
phase matching condition

ko = k1+k2_Ak’ (2)

where k; = nwy/c is the jth wave vector and n is the
refractive index at oy (j =0, 1, 2). The frequencies w,
and w, may vary from zero to w,. By convention, the
wave with frequency between wy/2 and wy iscalled sig-
nal wave (w,) and the other one, with frequency below
wy/2, iscalled idler wave (w,). Normally, the frequency
of the signal wave generated in an experiment liesin a
range well suited for measurement. The phase match-
ing condition for the wave vectorsk; is satisfied up to a
mismatch Ak that depends on absorption, geometry of
the illuminated specimen, and dispersion of refractive
index.

The emergence of photons at w, and w, via SPDC
(without any input at these frequencies) can be
explained only in the framework of a consistent quan-
tum-theoretic treatment. Outside the absorption band,
scattered radiation leaves the medium, consisting of
correlated photon pairs (biphotons) [15, 16]. SPDC can
be interpreted as the result of scattering of the pump
wave by electromagnetic fluctuations of the vacuum in
a nonlinear medium. If one of the output frequencies
lies in an absorption band, e.g., a photon resonance
absorption band, then a photon—polariton pair is cre-
ated. Inthis case, the pump is scattered both by vacuum
fluctuations and by thermal fluctuations of the scatter-
ing medium [17, 18]. When the input contains not only
pump, but also a signal- or idler-frequency wave, then
spontaneous light scattering is accompanied by para-
metric decay of pump photons into biphotons. In con-
trast to SPDC, parametric frequency conversion can be
described by both quantum and classical models[19].

Here, we use the generalized Kirchhoff law in ana-
lyzing some specific effects of spatial inhomogeneity
on SPDC and PC spectra. In Section 2, we apply the
generalized Kirchhoff law to calculate the signa line
profile in the simplest case of a dab of nonlinear
medium. This model was examined previously in anal-
yses based on different approaches [10]. The present
study includes calculation of the scattering matrix and
provides a methodol ogical basisfor further analysis. In
Section 3, we calculate the frequency-angular distribu-
tions for SPDC and PC signal waves in a slab with
reflecting boundaries[20]. We analyze the fine interfer-
ence structure of line profilesfor various cases of signal
and idler absorption. Next, we consider the effects of
electromagnetic zero-point fluctuations of the vacuum
(Section 4) and spatial distribution of the effective sec-
ond-order susceptibility (Section 5) on the SPDC spec-
trum.

The present study is focused on the characteristics
of threewave SPDC and parametric difference-fre-
guency generation in a spatially nonuniform medium.
However, the results obtained for difference-frequency
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generation can be modified to describe optical har-
monic generation and sum-frequency generation, as
well as cascade processes of higher orders, in the con-
stant-pump approximation by assuming linear amplifi-
cation of the remaining waves.

2. SCATTERING MATRIX
AND SIGNAL LINE PROFILE IN A SLAB

For three-wave parametric interactions, the average
number of signal and idler output photons, N, =

[ala,0 and Ny = [Aja,, dictated by the generalized
Kirchhoff law is

Ny = Opa(Ng+ No+ 1) 014 -
~012(N2— No)ol'z—No—L

N2v = 02‘1(N1+ NO+ |)0;1 (4)
_02'2(N2_N0)0;2+ No,

where | istheidentity matrix and U;; isan entry of the
scattering matrix

>

~
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Uu=0
O

()
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ooo

()
(@)
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2'1 22
The subscripts 1' and 2' run through all signal and idler
output modes; the subscripts 1 and 2, through all corre-
sponding input modes;

(Ny); = Eaiialj[l (Np); = Da';iaZjD

are the matrices representing the second-order
moments of the input field; N1 and N are transposed

matrices; al and a, are the creation and annihilation
operators for kth-mode photons;

No = 1/[exp(hw,/KT) - 1]

is the temperature factor, where w, is the phonon reso-
nance freguency. Normally, thisfactor can be neglected
since it is much less than unity at room temperature.
The difference between expressions (3) and (4) is due
to the assumption that only idler waves are absorbed.
This assumption is more likely to hold for rea pro-
cesses, as compared to substantia signal or pump
absorption.

The scattering matrix U defines a relationship
between the creation and annihilation operators for the
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input and output fields and their first-order moments,
(T ) and (ayd T

Cag0 = Uy a0+ Oy (B

. . ®)

0= Uy @i+ U2, 0
Each mode satisfies the following relations outside the
nonlinear medium up to general normalization factors:

00 &m A =E, /C((’je,
j

where §; is the angle of wave incidence (the angle
between the normal vector to the surface and the pump
wave vector). In the absence of scattering, the scatter-
ing matrix is unitary and

080" = 5
where 0, = (<)M 10y, (O IS Kronecker's delta).
Each element of the matrix can be determined experi-
mentally. However, it is frequently sufficient to calcu-

late these elements theoretically by solving equations
for slowly varying field amplitudes. Substituting the

resulting elementsof U into (3) and finding the average
number of photon for each output mode, one can calcu-
late the output signal intensity P, as afunction of fre-
guency and scattering (observation) angle, i.e., theline
profile or form factor. (Intensity is defined asthe energy
emitted by a unit surface area into unit solid angle per
unit spectral interval per unit time.) The output signal
intensity is
#w: cosh
Pyo, = —5— Nu, (6)
cv

where v is the average volume per mode in the wave-

vector space. Accordingly, the signal received with a
guantum detector efficiency n, in the far-field region is

I dow, J- dQ,&; (0, Q1)Pyq, (7

JAYA N AQ g

where &,(w;, Q) =n,/Aw,ccosb,. Theintegral iscalcu-
lated over the bandwidth and aperture of the detector,
(Awye) and (AQye)-

The correlation moment K' = [&,.a,[*, which deter-

mines the statistical properties of the output biphoton
field, is expressed as

U011+ Uz2(N,—Ng)Ura. (8)

The moments N,. and N, and the second-order correla-
tor K' determine the fourth-order moment of the scat-
tered field,

k = 02‘1(N1+ N0+

t t — *
(28185 85 0= Ny No o + Ky Ko
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which characterizes the correlation between signal and
idler photons. It can befound by measuring the cross cor-
relation of the signal and idler detector outputs [15, 16].

Consider a strong pump wave Eyexp(iky - r — iwgt)
and much wesaker signal and idler waves E;yexp(ik; -
r —iwyt) and Expexp(ik, - r —iws,t) incident on aslab of
thickness I. In the constant-pump approximation, the
reduced wave equations describing the process are
written as follows [21]:

dE,(2)
dz

dE,(2)
dz
Here,
A=1(kyg + ko) —|Koj) =0, + 8, -8

is the dimensionless wave-vector mismatch, o; =
2mxw/cn;cosdy, and y; = a;l/2cosd;. The convolution

+i0,E.E5 (2) exp B ZAD+ El(z)-
(9)

+i0,EEY (2)expF 22+ ¥E,(2) = 0

of second-order nonlinear susceptibility tensor %
with signal, idler, or pump unit polarization vectorsis
denoted by x; a; denotes the absorption coefficient at
the frequency «y; and 9; is the angle between the nor-
mal vector to the surface and a particular wave vector
inside the slab. In the case of weak absorption, q; is
related to the imaginary part of permittivity €, asfol-
lows: o; = wyg; fen;.

Interaction between E;(2), Ex(2), and Eyexp(iky - r —
iupt) can be described by the parametric interaction
matrix W relating plane waves satisfying conditions (1)
and (2):

0 O
DA 8 _
0A,(1/2) 0

EWM Wy EE A(-/2)E
|:| W21 le DD Az(_llz) D

-

(10)

where

Iq_ In cose12
Avoitz=Er o) o

with E; 5(-/2) and E; ,(1/2) denoting input and output

wave amplitudes. Since the matrix W isidentical to U
in the case under analysis, its elements are expressed as
follows by virtue of (9):

Wy = e_“%:oshy + r]_s\r;hyg ,

1

_u ssinh
Wy, = e %oshy—g—-?——%, (11)
Wy, = —ipe _y/zslnhy’ Wy, = iB*E _y/zsmhy
Y
No.2 2004



PARAMETRIC FREQUENCY CONVERSION IN LAYERED NONLINEAR MEDIA

where
YEY1tY,, HE(Y+Y:+ib)/2,
N=(-y.+y, +id)/2,
1B%+nl?,
2w w,XIEy
¢ Jkizke,

In cases of experimental interest, only the lowest
order terms can be retained in the power series expan-

sions of W. Then,

Wy = e+ |B|2f1(n)1

(12)

cosB,
NeCoSY,

B

wy=e 2+ B (), (13)
wp, =iBf(n), wy=-p*f(n),
where
1 —Y,—iA =Y
fi(n)= —(1- ,
(n) (Zn)zte (1-2n)e™]
f(n) = 12 VB _(1e2n)e™],  (14)
(2n)
f(r])— n[ —Y,— |A/2_e—y1+iA/2]'

When only idler waves are absorbed, the generalized
Kirchhoff law entails the following energy relation
between SPDC signal characteristics:

NfPDC _
By virtue of (6) and (13), this leads to the following
expression for SPDC intensity in the linear approxima
tion with respect to pump:

|Wll|2 - 1.

SPDC

Powy |, _o = Coold ¥2), (15)
Y, %20
where
2 —Y2
a(A y,) = 2—22[(A2 —y§)(1—e Y cosA)
(A" +Y3) (15)

—2y,Ae *SinA + y,(A% +y5)]

is the form factor that determines signal intensity as a
function of phase mismatch. The coefficient C, depends

on pump intensity Py, specular transmissivity tg of the

input surface, the layer thickness, and the effective sec-
ond-order susceptibility x:

hww

1Y2 2..2¢2
———PoloX
c’nyny N,

cosB,c0s0,
cosd,cosd, cosd,

Cy=
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For parametric conversion of an idler input of radi-
ance N,, we have N;. + N3™°¢ + NE©, where NSPPC js
spontaneous “noise” and Nl. = |wy,PN, isthe PC sig-
na radiance measured in units of number of photons

per mode. In the linear (spontaneous-stimulated)
regime of conversion, the corresponding intensity is

PE)?Ql = CoF(A, y1, Y2) Ny,
y1#0

y,#0

(16)

where

F(Av yll y2)
- exp(=2y;) —2exp[—(y; + Y,)] COsA + exp(-2Y,)
(Y1 —¥o)* + A2

is the form factor describing the observed spectrum
corrected for absorption at both signal and idler fre-
guencies. In particular, if only idler waves are absorbed,
then the line profile due to parametric conversion char-
acterized by an isotropic input intensity distribution
(when al modesintheidler channel are uniformly pop-
ulated) is

F(A,0,Y,)

_ 1-2exp(-y,) cosA + exp(=2y,) (16"

Y2+A

Expressions (15) and (16" for the SPDC and PC
form factors imply that the line profiles of isotropic
SPDC and PC waves are different in the case of non-
zero, but weak, absorption at the idler frequency
(Y, ~ 1). It should be noted here that absorption at asig-
na frequency does not entail any distinction of this
kind. However, the SPDC and PC line profiles are sim-
ilar in the case of strong absorption at the idler fre-
guency (Y, > 1). Then, both waves have Lorentzian
profiles as functions of the wave-vector mismatch:

Paos |, o = CONQQ =
yZDl 2+ A
(17)
PC
SN = C0N2q/ AZD
y2D1 2%

When the medium is transparent at al frequencies, we
obtain well-known expressions for spontaneous[10] and
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Fig. 1. Diagrams of waves propagating outside and inside a
reflecting slab.

stimulated [19] waves as functions of the mismatch:

SPDC YA
Plel =0 = COSH'IC E’
Y, =0
A (18)
PC _ .2
PmlQl oo CoN,sinc >
y, =0

where sinx = sinx/x.

When the dab is transparent, the angular frequency
bandwidths of these waves depend only on its thick-
ness. In the case of substantial absorption (condition
y; < lisviolated for j = 1 and/or j = 2), the widths are
determined by both thickness and absorption coeffi-
cients a; ? for the slab material. As an example, con-
sider the line shape characteristics for signal with a
wavelength of 625 nm when parametric interaction of
ooe type takes place inside aslab of KDP crystal paral-
lel to the z axis. The pump has extraordinary polariza-
tion and a wavelength of 488 nm and propagates along
the normal to the dab. KDP crystal is virtually transpar-
ent for pump and signal in the visible range. The corre-
sponding idler wavelength is 2.23 um. The idler absorp-
tion coefficient is a, = 0.5 c™%. Expressions (18) apply
to slabs of thickness between 0.1 and 2 cm (theline pro-
file scales with sinc?(A/2)). The spectral width for the
principal maximum in the signal profile emitted by a
1 cmthick dlab is 0.5 nm, and the corresponding angu-
lar width is 0.03°. When the slab thickness is ten times
smaller (1 mm), these widths are 5.4 nm and 0.35°,
respectively. With decreasing signal wavelength, the
idler wavelength increases and the absorption coeffi-
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cient a, grows even faster. For example, if signal is
detected at 572 nm, then the idler wavelength is
3.32 um. When a, = 100 expressions (17) apply to
slabs of thickness 0.5 and larger. The FWHM of signal
emitted by a 1 cm thick dab is 2 nm, and the corre-
sponding angular width is 0.2°.

3. SCATTERING MATRIX
AND SIGNAL LINE PROFILE FOR A SLAB
WITH REFLECTING BOUNDARIES

The analysis developed above does not take into
account reflection from the boundaries of nonlinear
medium. It is clear that reflection gives rise to effects
due to interference, which affects the scattered-wave
line profile.

The pump, signal, and idler modes inside and out-
side a reflecting slab can be divided into forward and
backward ones (propagating in the positive and nega-
tive directions along the z axis) (see Fig. 1). The for-
ward and backward wave vectors associated with the
same frequency differ only by the signs of their z-com-
ponents. Wave vectors having equal magnitudes and
opposite signs arise when signal and idler waves are
incident upon the slab from both directions. Denote the
forward (K,, > 0) and backward (K, < 0) signal waves
by subscripts 1 and 3, respectively, and the forward and
backward idler waves by subscripts 2 and 4, respec-
tively. The amplitude of each wave varies as the wave
propagates across the slab because of parametric inter-
action. Additional variation of the amplitude is caused
by absorption inside the slab and reflection from its
boundaries. Linear scattering is neglected here. We
denote the amplitudes of the forward and backward sig-
nal and idler waves|eaving the slab by E; (=1,223,4),
those of the incident waves by Ej,, and those propagat-
ing across the slab by E;(2).

The boundary conditions relating the amplitudes
outside and inside the dab (at z = £1/2) can be repre-
sented as follows [20]:

A'+pA" = TA,,
where
Ao ={ Ay A% Az, Al

A = TA"+p*A,  (19)

AE{Al! §1A31 Z} ’
A ={A(12), A5 (-N/2), A(112), AL (112)}
A" ={A(112), AL (112), Ag(—112), AL (-1/2)} .

The elements of the diagonal matrix T are

n,cosd, n,cosd,
cos0, cosB,

wheret; and t, are the amplitude transmissivities char-
acterizing the slab boundaries. The nonzero compo-
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nents of the matrix p are

3,

S
v P2s = P=EpP2=Ere

1

s

Pz = Pa=pPL =€
In.w,
= = 1

d; =kl = o cosd,

where r; denotes the amplitude reflectivities of the slab
boundaries. Both r; and t; are calculated by using the
Fresnel formulas [22]. If the optical density of the
medium outside the slab is lower, then r; < 0. When
anisotropy is alowed for, the coefficients r; and t;
depend both on the propagation direction of the inci-
dent waves and on their respective angles of incidence.
Moreover, we may consider the effects due to birefrin-
gence, in which case each incident plane wave is asso-
ciated with two forward and backward waves propagat-
ing across the dab. To simplify further anaysis, we
assume that the parametric interaction involves only
signal and idler waves of definite polarization. We also
assume that the orientation of the optical axes of the
anisotropic layer is such that birefringence effects van-
ish and the polarizations of linearly polarized incident
waves remain invariant after reflection and refraction at
the slab boundary.

Reduced equations (9) relate both the forward
waves E;(2) and E,(2) and the backward waves E;(2)
and E;(2) pairwise. The only difference between the

pairs is that the forward pump amplitude ES” must be
substituted into (9) to calculate E;(2) and E,(2), whereas
the backward pump amplitude Ef{) must be substituted
to calculate E;(2) and E,(2). The incident pump ampli-

tude is related to the amplitudes EE,” and EE,_) inside
the dlab by the Airy formulas

+ t

EY = +E01

1-roexp(2idy)
toro€Xp(idy)

E) =
1-riexp(2id,)

Eo = roexp(i8)Es” .
Interaction between E;(2), Ex(2), E5(2), and E4(2) in

the presence of pumps Ef)+) and EE,_) can be represented
in terms of a general parametric interaction matrix as
A" =WA', where

O
O
O
0. (20)
O
O
O
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Theelementsw; (i = 1, 2) areidentical with those of the
parametric interaction matrix defined by (11) in the

absence of reflection (after the change E; —= Ef;)).

The components Wi(j_) characterize interaction between

the backward waves and are similar to Wi, with the

exception that E, isreplaced by E? in expression (12)
for B. Therelation W™ = W(—) meansthat theinverse
matrix characterizes conversion of waves propagating
in the negative direction along the z axis.

Combining (19) with (20), we find the scattering
matrix U for aslab:

A =0A, O=twi+ph)t+p*. (21

Expressions for the elements of U were presented
in[20].

If neither signal nor idler wave is absorbed, then we
have the condition

Upsl* + U = |Upl* = [Usyf” = 1. (22)

By the generalized Kirchhoff law (represented by (3)),

the SPDC signal radiancein aslab that partially absorbs

idler waves and partially reflects all wavesis expressed
as

NS = |Uy®+|Uy® = 1. (23)
For PC of anidler input of radiance N,, we have
Ny = N2+ N3, N3T = [Uyl®N,. (24)

Instead of (15), we obtain the following expression
for the SPDC signal intensity:

1-R ~
oo, = Co——=-{Da(1+ RyRy)g(A, y,)
yl;oo D0D1D2

Y2

+[Ra(1 + RyR,) (0828, — Ry) — 2r of 17»(1 — Ra)

x 00S(Q + 6,)C083,]1g (A, ¥>) (25)

—[Ro(1 + RyR,)SiN28, — 2r 17 ,(1 + Ry)
x cos(d, *+8,)sind,]g"(A, y,) }

Here, the supplementary functions determining the
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Fig. 2. SPDC line shape in a transparent slab that reflects
signal waves (r{ = —0.3): (a) other waves are not reflected;

(b) idler and pump waves are reflected (r, = -0.5 and
o= —05)

form factor for scattered waves are

G(A, ¥,) = ——[(87-})
(8% +y)

Y2
% (1 - coshy,cosA) —2y,Asinhy,sinA],

N _ 4 . .
g'(A, y,) = m[(Az—yi)snhyzsnA (26)

—2y,A(1 - coshy,cosA)],
D, = 1-2R,cos23; + R},
I5J- = 1—252,—c0326j+li,2,

R= rj2 isthe reflection coefficient defined asthe corre-
sponding reflected-to-incident intensity ratio for awave

of frequency wy, Ry =77, and F; =r;exp(=y).
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For amedium that istransparent at idler frequencies,
but partially absorbs signal waves, an expression for
SPDC intensity is derived from the generalized Kirch-
hoff law written represented by (4). Instead of (25), we
obtain

1-R)(1-R
P3| g LTRIAR)

F(A, Y1, 0)

y; 20
> =0
” 27)

x{1+R,+R,R: + R,RIR,
—2ror,r,[ cos(A + 28,) + cosd]} .

Here, the value of & = 3, — &, — §, differs from that of
A=0,+0,—0y.

In the case of arbitrary laws of wave absorption and
reflection in the dab, the PC signa intensity is
expressed as

PT
w,Q
Ty,

(1-RY(1-Ry)

oD1D>

= CoN,

F (A! yl! y2)
(28)

0
Y, %0

X (1—2rof,T,c088 + RyRiRy).

It is obvious that the PC line profile in the presence of
reflections differs from the SPDC line profile in the
absence of both absorption at signa frequencies
(cf. (25) and (28)) and appreciable absorption at idler
frequencies (cf. (27) and (28)).

Reflections in a dlab give rise to fine interference
structurein SPDC and PC line profiles. When the crys-
tal is transparent, the modulation due to frequency- or
angle-dependent variation of sinc?(A/2) combines with 1
additional modulation of two types. One of these is
associated with the behavior of terms containing 29,
and 20,. Moreover, these factors characterize the Airy
linear interference of signal and idler waves in a slab.
Interference of this kind occurs when the superposition
of incident and reflected waves of each particular fre-
guency is independent of the presence of other waves.
This interference manifests itself in spectra associated
with nonlinear interaction as well. It leads to double
periodic modulation of spectrawith periods determined
by the conditionsd, = Tm, where nisaninteger. The cor-
responding modulation depth is determined by the
reflection coefficients R, and R,.

Figure 2a shows an example of frequency-depen-
dent SPDC line profile in the case of Airy linear inter-
ference between reflected signal waves when R, = 0.
Whether the pump is reflected or not, the SPDC line
profile remainsinvariant. The relation between the Airy
modulation period and the modulation controlled by
the function sinc(A/2) is determined by specific 1
parameters of the medium. The SPDC signal intensity
concentrates within the principal maximum of
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18iNc3(A/2), i.e., within the frequency bandwidth given,
asin anonreflecting slab, by the expression

l P, 0,dw,
A(’“)13 =

PwlsQl
: 2mcos(d, —9;)
Uz — U cos(8, —9,)|I”

(29)

where u,, denotes group velocities in the crystal. To
observe extra peaks in the frequency profile of a scat-
tered-wave line, we must have the condition Aw,; <
Aw,, Where Awy,; = T/l cosd,, is the frequency spac-
ing between the peaks due to linear interference of sig-
na or idler waves. Analogous relations for angular
intervals determine the observability of Airy interfer-
ence in the angular SPDC line profile. For example,
when parametric interaction of the type considered at
the end of the preceding section takes place inside a
1 cm thick dab of KDP crystal, the modulation period
associated with wave interference varies between 0.013
and 0.014 nm, whereas the spectral width of the princi-
pa maximum is substantially larger (0.5 nm). The cor-
responding period of interference modulation in the
angular line profileissimilar to the angular width of the
principal maximum.

The other type of SPDC line profile modulation, due
to wave reflection in the slab, is of greater interest.
Modulation of thistypeisassociated with changein the
combination of parameters §;:

A+23, O, 2(0,-0,)=2(d+ ),
2(0,+90,) =2(A+9,).

It can be observed only when both signal and idler
waves are reflected by the boundaries. Note that the
reflected pump wave somewhat changes the overall
intensity distribution, but it is not required to observe
interference. The peaks associated with changes in the
mismatch & by multiples of 1t (which is equivalent to
changesin &, — &, by multiples of 1) are spaced approx-
imately as the Airy interference maxima. For example,
the inverse frequency widths of the Airy maxima, Awy,

and Aw, , satisfy the relation

(Bwy) ™ = (Do) ™ + (Do) ™ (30)
However, the occurrence of the peaks associated with
changes by multiples of Ttin the mismatch A + 29, and,
therefore, in 8, + O, (if &y is constant) is strictly related
to theinitial mismatch. Interference of this type can be
classified as nonlinear, because the locations of the
peaks depend on the phases of all wavesinvolved in a
parametric interaction. The frequency bandwidth dueto
the nonlinear interference associated with the phase
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Fig. 3. SPDC line shape in areflecting slab (rg = -0.5,r1 =
—0.3, ro =-0.5) for several values of absorption coefficients
at signal and idler frequencies: (a) a4l = 0, a,l = 1;
(b) a4l =1, a5l =0; (c) aql =0, a,l =10.

incursion 2(d; + d,) = 2(A + &) is determined by the
relation

(D)™ = [(Awy) ™~ (Do) 7. (31)
The corresponding modulation period is smaller than
the frequency width of the central maximum of
sinc?(A/2) by afactor of four. The period of the nonlin- 1
ear interference associated with the phaseincursion A +
29, issmaller than the frequency width of the same cen-
tral maximum by a factor of two. Figure 2b shows an
example of frequency-domain scattered-wave line pro-
file observed in the case when the signal, idler, and
pump waves are reflected from the boundaries. It dem-
onstrates that nonlinear interference leads to periodic
variation of the amplitude of high-frequency modula-
tion of the spectrum.

Nonlinear interference is caused by parametric
interaction between forward and backward waves and
linear interference between signal waves of frequency
w, . Similar effects were observed, for example, in stud-
ies of frequency—angular intensity distribution and cor-
relation between SPDC signal and idler channel inten-
sitiesin slabs of nonlinear crystal separated by layers of
an optically linear medium [23-26].

Figure 3 illustrates the influence of the signal and
idler waves on the interference pattern observed at the
signal frequency. With increasing absorption, the lumi-
nous efficiency of the interference pattern, which is
determined by linear and nonlinear interference of the
absorbed wave, decreases. The variation of luminous
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Fig. 4. SPDC line shape for a dlab that reflects only idler
waves(rg=r,=0): (a) r,=-0.5, (b) r, =-0.9.

efficiency concurs with analogous variations of the
basic line profile, which are characteristic of thedabin
the absence of absorption. The increasein absorption at
both frequencies leads to gradual decrease in contrast,
and theinterference structure of theline profileis even-
tually blurred out. The effects of reflection onthe SPDC
line profile can be observed experimentally only under
certain conditions. These conditions are generally vio-
lated when SPDC is used in spectroscopy, but this does
not preclude determination of volume-averaged values
of refractive index and absorption coefficient at idler
frequencies from smoothed scattered-wave line pro-
files. Reflection effects must be taken into account in
measurements of integral scattered-wave intensity. For
example, this is required when SPDC is used in pho-
tometry [20, 27-29].

4. INTERFERENCE
OF ELECTROMAGNETIC ZERO-POINT
FLUCTUATIONS OF THE VACUUM

Consider SPDC in the case when the idler wave is
reflected by the slab boundaries, whereasthe signal and
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pump are not. Suppose that the idler wave can be
absorbed. Figure 4 shows the frequency-domain line
profiles corresponding to several values of the absorp-
tion coefficient r,. It is clear that the overal signal line
profile is modulated. The modulation frequency and
depth are described by the Airy linear interference for
idler (rather than signal) waves.

Generally, the efficiency of each act of parametric
conversion depends, among other factors, on the aver-
agevalues of field operatorsintheinput idler and signal
modes [10]. In SPDC observations, only the pump
waveisincident on the crystal. The thermal population
of the modesistoo low to ensure the required scattering
efficiency. In this case, the role of seed is played only
by the so-called electromagnetic zero-point fluctua
tions of the vacuum at theidler frequency when asignal
wave is detected or at the signa frequency when an
idler waveisdetected. Recall that the effective radiance
of zero-point fluctuations of the vacuum in PC pro-
cesses is one photon per mode [30]. If the seed is an
external free wave “separated” from its source, then its
intensity inside the crystal will depend on the absorp-
tion and reflection coefficients of the medium at the
idler frequency and therefore affect the signal spec-
trum. In SPDC, idler waves are generated only via
decay of the pump. The “free” idler wave is then
reflected by the dlab boundaries and absorbed as it
propagates through the medium. In the linear-amplifi-
cation approximation, the emerging idler wave weakly
interacts with the pump and feedback is negligible.
Therefore, the idler wave does not affect the signal
spectrum, and the line profile shown in Fig. 4 must not
be sensitive to the intensity distribution of the idler
wave generated in the medium. Thus, the signal line
profile shown here is due only to the field fluctuations
at theidler frequency, which participateinitially in each
elementary act of scattering and subsequently in the
interference of the signal waves originating from differ-
ent points in a nonlinear medium. The interference
structure of the signal line with parameters determined
by the idler-frequency properties of the crystal can be
attributed to interference with zero-point fluctuations of
the vacuum [31].

The interference pattern in line profile or signal—
idler intensity cross-correlation function reflects the
spatial distribution of the vacuum states of the field in
the dlab. Spatial nonuniformity must be taken into
account in acomprehensive quantum-theoretic analysis
of the problem even at the stage of field quantization.
To perform quantization, the operator of field strength
in an individual mode is represented as follows [32]:

Ei(r,t) = vi(r)a(t) + v¥(ra(t), (32)

where aJ-T(t) = aJ-Texp(ico,-t) and a(t) = ayexp(-wyt) are
the jth-mode photon creation and annihilation opera-
tors, respectively, and vj(r) is an eigenfunction of the
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corresponding boundary value problem for the spatial
field distribution described by Maxwell’s equations and
medium-specific boundary conditions. It is obvious
that every jth-mode field has the same spatial distribu-
tion irrespective of its state, which may be a Fock-space
state with a constant number of photons, a mixed or
vacuum one, etc. When the slab has reflecting bound-
aries, an interference pattern corresponding to vj(r) is
observed, and similar patterns are characteristic of both
single-mode equilibrium thermal field and vacuum-
statefield. Since both signal andidler input fieldsarein
the vacuum state in SPDC, the signal spectrum exhibits
an interference structure associated with the vacuum
states of thefield at theidler frequency. A different state
of the field added to input in the idler channel can
change the frequency-domain line profile of the scat-
tered wave. However, the change will occur only when
all modes are populated nonuniformly, i.e., when the
mode occupation number (mean number of photonsin
amode) varies from mode to mode because of the addi-
tional field. Otherwise, the signa line profile will be
similar to that due to the interference of zero-point fluc-
tuations of the vacuum described here.

If Ry, Ry, andy, in (25) are assumed to be small, this
expression describes light scattering by interference
polaritons [33] in those spectral regions where the con-
tribution of the Raman tensor to the scattered-wave
intensity is negligible. The contribution to light scatter-
ing by polaritons due to parametric processes is the
main source of signal in spectral regions far from
phonon resonances when the difference of idler and
phonon wavenumbers (measured in cm™) is greater
than the phonon decay constant. The curves connecting
the interference peaks of the same order m = d,/1t =
k,,1/Tt can be used to measure the dispersion of interfer-
ence polaritons. As R, — 1, the conditions for tota
reflection of the polariton waves trapped in the slab are
satisfied. In this case, peaks in the fine signal-profile
structure correspond to scattering by waveguide polari-
tons[33-35]. For example, thisis characteristic of para-
metric interaction in lithium niobate crystals, when the
idler wave corresponds to the upper polariton branch
with wavenumbers about 2000 cm. In this case, obser-
vation of linear interference of zero-point fluctuations
of the vacuum requires either a receiver with a suffi-
ciently high resolution or asufficiently thin crystal film,
because the spacing between the lines is 0.2 cmr* and
4 cm* for 1 cm and 500 pum thick slabs.

5. SCATTERING MATRIX
AND SIGNAL LINE PROFILE IN MEDIA
WITH SPATIALLY MODULATED SECOND-
ORDER SUSCEPTIBILITY

We consider three-wave parametric interaction in a
specimen of alayered medium with second-order sus-
ceptibility varying in one direction. First, we suppose
that the value of X varies periodically. We assume that
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the spatial modulation of linear susceptibility so weak
that the effects due to variation of refractive index and
absorption coefficient can be neglected. This approxi-
mation is valid, for example, in analysis of parametric
processes in ferroelectric crystals with regular domain
structure[1, 3, 4, 6-9]. In such crystals, achangein the
sign of spontaneous polarization between domains is
associated with a change in all even-order susceptibili-
tiesin the expansion of polarizability in powers of field
strength, while the susceptibilities of odd order remain
invariant [36].

Periodically varying second-order susceptibility can
be represented as the Fourier series

x“(r) = z Xin eXp(idn 1) (33)
with spatial-harmonic amplitudes
dlz
X0 = 3 [ xP(0ew-ign D, (34
—d/2

where d is the period of a one-dimensional “nonlinear
superlattice” (modulation period) and g,,, = gm denotes
vectors of the reciprocal superlattice, with an integer m
and g = (2rvd)n (n isthe unit normal vector to the layer
boundaries). In the approximation considered here, the
input amplitudes of forward waves are continuous
across the boundary of the medium, and the scattering
matrix isidentical to the matrix of the parametric inter-
action of forward waves. The nonlinear polarization at
the frequency w is expressed as

P1(w; = wy—wy)

- (35)
z Xin EoE3 expli(ko—k, + ay) 1]

m=—o

The nonlinear polarization at the frequency w, is given
by a similar expression. The corresponding reduced
equations are

dEl(Z) 018wz, Y1

+1 z 01mEoE3 (2) exp _D T E.2 =0,
| (30
dEg(Z) +i zO'ZmEOE*(Z)eX _A__ZE + yTZEz(Z) =0.

Here, the z axis is aligned with the normal to the non-
linear layers,
Am = I(klz + k22_ ka_

Om) =0; + 0, — 03— ()
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is the dimensionless wave-vector mismatch for the mth
harmonic, A/l differs from the mismatch A/l in a spa-
tially uniform medium by the magnitude of the recipro-
cal-superlattice vector g,,, and
Ojm= 2TTXmw;/cnjcosd (] = 1.2).
When the PC coefficient is small, the absolute val-
ues of the parameters B;, = i0,,Ell and By, =

—i 05l characterizing the efficiency of wave interac-

tion in the dab are smal: |By| = J/BimPom < 1.
The parameter 3, is defined by analogy with the
parameter 3 for a homogeneous medium (see (12)),
withx® — x@.

The solution of Eg. (36) determines the elements of
the scattering matrix, whichisidentical to the paramet-
ric interaction matrix for waves in the layered medium
considered here. In the linear-amplification approxima-

tion (up to terms of order B,i),

wy = exp(y) + 3 Bl fu(N)

m=—oo

exp(r]m_ N — yl)
+ z Z BlmBZm an

(37)

m=—om = —oo
m#m

*[0(Nm) —¢(Mm—Nwm)],

WlZ: Z IBmf(nm)v
where

_e—2x_1
o) =5

The functions f(n,) and f;(n,,) are defined by (14)
with the replacements A — A,and N — N, = (=Y, +
Yo +iA)/2=n—1img,l:

1
(2ny)°
(1-2ny) exp(-y1)]

fa(Nm) =

x[exp(=y,—iln) -

_ exp(=y)[o(nm) +1]
= o , (39)

1An]

f(nm)‘2n [expD Y2= >0

1An

—exp-y; + > D} = exp y1+ D¢(nm)
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In (37), the element w,, contains contributions of all

spatial harmonics xﬁnz) , which are similar to the expres-
sion for a homogeneous specimen (cf. (37) and (13)),
butwithA —= A and x@ —~ x? . The expression for
wy; contains additional summands corresponding to
interference of the contributions due to different har-
monics x\2’

When the idler wave is absorbed, the generalized

Kirchhoff law dictates the following expression for the
signal intensity P, in SPDC:

and X2 (m# m).

Plel =

cy Xl "By ¥2)

m=—o

+C Y Y D)X

m=—o m = —oo

e m (39
x[ exp(—iA-y,) -1
(Y, +iA—img,l)(y, +iA—imq,l)
N exp(id—y,) -1
(yz—iA—iqul)(yz—iA—im'qzl)]

Here, the coefficient is equal to Cy/x? for a homoge-
neous medium (see (15), (16), (25)—28)) and n is the
number of periods spanned by the thickness| (n = I/d).
The scattered-wave line profile in a periodically modu-
lated medium is characterized by two terms. One of
them is the sum of contributions of individual harmon-
ics. In each summand, the intensity distribution relative
to the maximum is similar to that in a homogeneous
medium (function g(4, y,) in (15)). For each compo-
nent, the new maxima are shifted according to the
quasi-matching condition A(w,, 6,) = —q,J = —2rmmn.
The value of each summand is proportional to the
squared amplitude of the corresponding harmonic. The
other term in (39) contains products of different har-

monics xﬁf) and describes their interference.

When neither signal nor idler wave is absorbed, the
SPDC intensity is

Z )(msmcD2D (40)

m = —o0

Plel

Yz

Figure 5 shows examples of SPDC intensity versus
phase mismatch Ak/q calculated by using (40) in the
simplest case of meander-type periodic distribution of
X@(2). This distribution is characteristic of multido-
main crystalsin which the sign of second-order nonlin-
ear susceptibility sharply reverses across the domain
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boundaries and the transition-layer thicknessis negligi-
ble as compared to the thickness of a domain of either
sign. In this case, (40) yields the following expression
for the SPDC line profile:

_ C_zsmc (A/2)
sin (A/2n)

;Qy

yp =0
y, =0

—200sPLoos A 4
X%l 20032n0032n

2 Ar
Ccos ZFD

where p = (I; — I,)/d is a parameter characterizing the
asymmetry of the domain system (d = I, + |, is the
superlattice period). Both spectral and angular spacings
between the peaks due to nonlinear diffraction increase
with decreasing superlattice period. Unlike the widths
of the peaks, they are independent of thetotal thickness
of a specimen. For example, consider collinear para
metric interaction of ooetypein alithium niobate crys-
tal with regular domain structure and domain walls par-
alel to the xz crystallographic plane. For this configu-
ration, the difference between the curves corresponding
to zeroth- and first-order quasi-matching is about
100 cm™ if the domain layer thickness is 5 pm.
Accordingly, the difference is smaller by an order of
magnitude if the thickness is 500 um. These values are
obtained for a488-nm pump propagating in the crystal-
lographic planes yz of domains at an angle of 57°,
crossing the domain walls. In this case, collinear inter-
action is observed when the signal wavelength is about
510 nm.

Expression (40) for signa intensity contains the

amplitudes |x(2)| and phases ¢, of the spatial harmon-

ics xﬁf) = |x(2)| exp(id,,) (which are complex-valued in

the general case). When the imaginary part of x@(r)
vanishes (far from the resonances of the medium), it
holds that

(2) - (X(Z) |X(2)

The direct relation between SPDC spectrum and spatial
distribution of second-order susceptibility can be used
asabasisfor measuring X(r) in layered spatially non-
uniform crystals and nonlinear structures. Measuring
the ratio of the peak intensities associated with nonlin-
ear diffraction in different orders of quasi-matching, for
which |A|= 2rmmn, one can find theratio of different har-

monic amplitudes |x | Since the interference terms

directly depend on the phases ¢,,, the signal intensity is
redistributed among the quasi-matching maxima when
A # 2rmn. Theinterference is most pronounced in scat-

X2, Om = b
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Fig. 5. SPDC line shape in a transparent ferroelectric with
regular domain structure for different domain thickness
ratios.

tering by specimens spanning just a few superlattice
periods.

When the idler wave is absorbed, each peak associ-
ated with nonlinear diffraction is broadened, but not
shifted (see Fig. 6). If the number of domainsisso large
that n > y,/n, then (39) reduces to

9]

2C y z |Xm|2
° Zm:%y§+(A—2nmn)2

(41)

Plel =

The width of each nonlinear-diffraction peak on the
scale of A is determined by the integral absorption y,
over the entire crystal thickness nd, whereas informa-
tion about the phases ¢, is lost. Neverthel ess, the non-
linear-diffraction bands can be observed if the absorp-
tion over a superlattice period, y,/n, is relatively weak.
For example, if the domain size measured along the
idler-wave direction does not exceed 5 um, then the dif-
fraction pattern can be observed in the range of idler
frequencies such that a, < 2000 cm™. Conversely, if
absorption isso strong that y,/n > 1, then the nonlinear-
diffraction bands are blurred out and the line of a para-
metrically scattered wave is a single broad Lorentzian
curve centered at A = 0. In the | atter case, even the val -
ues of [X,| cannot be measured.
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SPDC spectra can aso be used to measure the com-
plete profile X@(2) in a weakly absorbing specimen of
thickness | with an arbitrary distribution of second-
order susceptibility. Consider the situation when the
specimen is a part of a periodic medium in which the
period of X@(2) isequa to . If the pump occupies only
adlab{-/2,1/2} inthe medium, then the parametrically
scattered signal isidentical to that generated by a spec-
imen of thickness|. The corresponding SPDC intensity
distribution is described by (39) and (40) withn=1and

112

_1l. 0 [];21m
Xn = T [ XP@epFi=adz

-1/2

(42)

In principle, the inverse problem of reconstruction
of acomplete profile x@(2) can be solved by using any
three-wave parametric process, including stimulated
up-conversion, second-harmonic generation, and cas-
cade processes [3, 4, 6-9]. However, when using a
stimulated process, one always has to deal with insuffi-
cient or nonuniform population of the converter modes
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induced by input radiation. For example, thelineprofile
of parametric conversion determined by the scattering
matrix elementsw;, is generally expressed as

3
w; cosO
P(wy, 6;) = P(w,, 92)—2 |y
> C0s0,
) , (43)
= CN(w,, 8,) z Xmf(Nm)|

where N(w,, 0,) is the distribution of the photon num-
ber in the input idler mode, whereas strictly uniform
population of input idler modesis guaranteed (by virtue
of zero-point fluctuations of the vacuum) when sponta-
neous SPDC is used in the linear-amplification approx-
imation. Information about domain structure can aso
be obtained by measuring a line profile even under the
simplest conditions, when the effects due to interfer-
ence are negligible. The number and relative intensity
of shifted curves can be used to find the number of spa-
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tial harmonics and the relative values of [x?),; the shift

direction and spacing between the parametric curves, to
determine the direction and period of variation of sec-
ond-order nonlinear susceptibility [9, 37-40].

6. CONCLUSIONS

In this study, we describe frequency-angular distri-
butions for spontaneous parametric down-conversion
and parametric conversion by applying a genera
approach based on the scattering matrix and the gener-
alized Kirchhoff law. This approach makes it possible
to solve a problem in quantum optics without invoking
the formal procedure of field quantization for the spa-
tially nonuniform nonlinear medium consisting of a
nonlinear crystal and the surrounding space. The eigen-
functions of the corresponding wave problem describ-
ing aspatial distribution governed by Maxwell’s equa-
tions subject to boundary conditions are not required.
The elements of the scattering matrix are calculated for
classical waves and then used as coefficients relating
the quantum operators of input and output waves. The
approach relies on the similarity between Maxwell’'s
equations for classical fields and the Heisenberg equa-
tions for field operators in free space. Thus, intensity
distributions can be obtained both for classical down-
converted signals and for signals of essentially quan-
tum nature generated via scattering of a pump by elec-
tromagnetic zero-point fluctuations of the vacuum.

Even though the generalized Kirchhoff law allows
oneto ignore the spatial distribution of modesin calcu-
lations, it can be used to obtain correct spatial and spec-
tral distributions of scattered-wave intensity. In partic-
ular, we have obtained expressions for SPDC involving
interference and waveguide polaritons without using
the spatial dependence of the wavefunctions describing
the corresponding states of the field in aslab. The cal-
culated SPDC line profiles reflect the behavior of v, (r)
for eigenmodes in spatially nonuniform media, includ-
ing crystalline slabs characterized by absorption, semi-
transparent boundaries, and nonuniformly distributed
second-order susceptibility. In addition to its conve-
nience, an important advantage of the approach based
on the generalized Kirchhoff law is the possibility to
alow for absorption of signal or idler waves. Asin for-
mulations of fluctuation-dissipation theorems, absorp-
tion istaken into account on a phenomenological level.
The distinction is that the generalized Kirchhoff law
deals with directly measurable characteristics: correla-
tion functions of input and output fields.

It should be noted that the use of the generalized
Kirchhoff law in the calculation of the line profile for a
stimulated difference-frequency signa reduces to a
standard classical calculation of theinput field intensity
based on the scattering-matrix elements relating the
input and output fields. Expressions (16), (28), and (43)
for the line profile for a stimulated difference-fre-
gquency signal generated in a layered inhomogeneous
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medium are obtained directly by solving the reduced
equations for slowly varying field amplitudes. Analo-
gous equations describe both sum-frequency (in partic-
ular, second-harmonic) generation and each three-wave
stage of stimulated cascade processes of higher orders.
The only difference liesin the definitions of wave-vec-
tor mismatch A and parameter o, for sum-frequency
generation; the signal and idler wave vectors must be
taken with opposite signs.

Analysis of SPDC intensity spectrum can serve asa
basis for measuring spatial variations of linear and non-
linear optical susceptibilities. One advantage is that
SPDC has a very broad spectrum determined by the
spectrum of zero-point fluctuations of the vacuum,
whereas the signal spectrum in any stimulated fre-
guency-conversion processis restricted to the spectrum
of incident radiation. Note also that the method based
on SPDC makes it possible to examine domain struc-
tures lying in the bulk of a crystal, man-made layered
structures, and photonic crystals. The results presented
here can be applied to measure one-dimensional distri-
butions of X®@ in media with vanishingly small varia-
tions of linear susceptibility. The approach based on the
generaized Kirchhoff law can be extended to media
with nonuniform nonlinearities characterized by arbi-
trary irregular distributions of refractive indices and
absorption coefficients.
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